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Abstract. 

In this article we present a Lagrangian representation for evolutionary systems with 

^ ! a Hamiltonian structure determined by a differential-geometric Poisson bracket of the 

^ I first order associated with metrics of constant curvature. Kaup-Boussinesq system has 

three local Hamiltonian structures and one nonlocal Hamiltonian structure associated 

with metric of constant curvature. Darboux theorem (reducing Hamiltonian structures 

to canonical form "d/dx" by differential substitutions and reciprocal transformations) for 

^ . these Hamiltonian structures is proved, 
m . 
I ■ 

s ■ 

1 Introduction 

Q ■ In this article we describe nonlocal Hamiltonian structure associated with differential- 
^ . geometric Poisson bracket of the first order with metric of constant curvature and its 
Lagrangian representation for evolutionary systems 

> 

X' u',=f\n,u,,...). (LI) 

H ; 

. F~ , It means that (LI) can be re- written as 

ul = {u\H} = A — , (L2) 

where A is a Hamiltonian operator, H = J h{u, u^., ...)dx is a functional of conservation 
law density h{u,u^, ...) and {u^{x),u^{x')} is a Poisson bracket. Then we can introduce 
new variables a"(u) = dxf"', where the system (LI) is determined by action 

S = /l(<,,.^..<P„<P„....)«<. (1.3) 
where L{(fit, cp^, cp^^, cp^^^, ...) is a Lagrangian. 
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The modern theory of Hamiltonian and Symplectic structures, Poisson brackets and 
Lagrangian representations is developed in [1] by L.D.Faddeev and V.E.Zakharov in 1971, 
where they showed that the Korteweg-de Vries equation has Poisson bracket 

{a{x),a{x')} ^dj{x-x') (1.4) 

determining the first Hamiltonian structure 

at = (1-^) 

where (in general case) the Hamiltonian is H = f h{a,a.^, ...)dx. A^-component general- 
ization of this formula on arbitrary dependence u = u{a{x)) was established in the article 
[2] by B.A.Dubrovin and S.P.Novikov in 1983 



{u\x),u\x')} = [g'^{n{x))d, - ^'T>^]5(a: - x'), (1.6) 

where g^^{u) is nondegenerated symmetric flat metric, P^ j. are the coefficients of the corre- 
sponding Levi-Civita connection, P-J^. = P-^^ and ViQsk = 0. If wc choose the Hamiltonian 
depended on functions -u* only, H = J h{u)dx, then the Poisson bracket (1.6) determines 
Hydrodynamic type system u] = wKuju'^, where ^^^.(u) = V^Vkh (see [3]). Moreover, 
we can find "flat coordinates" a'^ (annihilators of the Poisson bracket (1.6), or Casimirs), 
where all P^^ = and ^"^is constant symmetric nondegenerated metric 

< = (1-7) 

This Hamiltonian structure allows (A^ + 2) conservation laws, where first N of them are 
(1.7), the conservation law of Energy is 

ht = S.r'^l^l^], (1.8) 

and conservation law of Momentum P — J pdx is 

dh 

p,^d^[a-—-h], (1.9) 

where {g^p'g'^^ = SI) 

P = Idapa'^a^- (1-10) 
In more general case H — J h{a., a^, SiM)dx the conservation law of the Momentum is 

= -F], (1.11) 
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where 



= s^a<- (1-12) 

and thus 

MM 
n=l k=n ^^k 

In this case formula (1.8) are transformed into more general 

m=l ifc=0 

It is easily to check that if evolutionary system (1.1) has (A^+ 1) conservation law densities 
connected by constraint (1.10), then this system has local Hamiltonian structure (1.7). 
Also, the evolutionary system (1.7) has the Lagrangian representation 



J [i^9a0tv't - h{<p,, V.., ■■■)]dxdt, (1.13) 

where a" = 

A more complicated case was studied by E.V.Ferapontov and O.I.Mokhov in the article 
[4] in 1990: 

{u^{z), u^{z')} = [9^^{u{z))d, - rr>^ + ev^d;'vi\S{z - z'), (1.14) 

where g'^^{u) is nondegenerated symmetric metric with constant curvature e (sec (1.6)). 
However, some problems have been unsolved. In this article we present: 

1. Canonical coordinates for evolutionary systems with nonlocal Hamiltonian struc- 
ture determined by the Poisson bracket (1.6). Thus, Hamiltonian structure 
will be written in compact form (see for comparison (1.7)). 

2. The Metric and the Momentum in canonical coordinates (see for comparison (1.9) 
and (1.10)). 

3. The Lagrangian representation (see for comparison (1.13)). 

4. Reciprocal transformations connecting Poisson brackets (1.6) and (1-14). 

5. The fourth (nonlocal) Hamiltonian structure associated with metric of constant 
curvature for the Kaup-Boussinesq system. 

Local linear-degenerated Lagrangians (Lagrangians are linear with respect to deriva- 
tives of t) were studied in [8]. It means that symplectic structure is local (determined by 
differential operator of arbitrary order), of course, corresponding Hamiltonian structure is 
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nonlocal, but not invertible in compact form (it means that in general case corresponding 
differential operator has infinite set of elements). Arbitrary nonlocal Hamiltonian struc- 
ture has corresponding nonlocal symplectic structure. Moreover this symplectic structure 
has infinite set of elements too. It is astonish that namely in case of constant curva- 
ture metric nonlocal Hamiltonian structure has local corresponding symplectic structure. 
By another words, not every nonlocal Hamiltonian structure has inverse local symplec- 
tic structure. At first the general reciprocal transformation connecting Poisson brackets 
(1.6) and (1.14) was presented by E.V.Ferapontov (see below). However, here we present 
one very special case: one-parametric family of constant curvature metrics £— intimated 
to fiat case. It means that if in below presented reciprocal transformation anyone put 
e = 0, then it will be identical transformation (Moreover in general case recalculation of 
all attributes for Poisson bracket associated with metric of constant curvature (annihila- 
tors, momentum and Hamiltonian) is very complicated problem not solved now. Just in 
our particular case it was solved and presented below) . The metric of constant curvature 
is well known, however annihilators and momentum for corresponding Poisson brackets 
were not known as well as Lagrangian representations. Our major aim is construction of 
Lagrangian representations without constraints for nonlocal Hamiltonian structures. Here 
we establish a Lagrangian representation for nonlocal Hamiltonian structure associated 
with differential-geometric Poisson bracket of the first order with metric of constant curva- 
ture. This is the first nontrivial example of nonlocal Hamiltonian structures generalizing 
the local one. Lagrangian representations for Poisson brackets associated with metrics of 
constant curvature have been obtained by application of special reciprocal transformation 
(see below) for Lagrangian representations of Poisson brackets associated with metrics of 
zero curvature. It is amazing, that it is possible. Usually it is not valid. If anyone try 
to apply arbitrary reciprocal transformation for arbitrary Lagrangian density (which is 
2-form), then obtained new Lagrangian representation will not create system connected 
by abovcmcntioncd reciprocal transformation with initial system determined by initial 
Lagrangian representation. It means that we do not know all Lagrangian representa- 
tions convertible under reciprocal transformation into others. However, namely in case 
of constant curvature metric this problem is successfully solved in this article. Moreover, 
we would like to emphasize that in case of constant curvature knowledge of annihilators 
and momentum is not enough for direct reconstruction of Lagrangian representation with 
respect to Hamiltonian structures associated with metrics of zero curvature. This is non- 
trivial problem are solved by specific choice of annihilators (special N from all A^-|- 1, see 
below). This article contains several Sections. In Section II wc formulate a theorem about 
canonical coordinates (Casimirs or annihilators of Poisson brackets), where this nonlocal 
Hamiltonian structure will be compactly presented. In Section HI wc present two theo- 
rems about relationship between this nonlocal and local Hamiltonian structures. In the 
Section IV we present two remarkable examples, which allow this nonlocal Hamiltonian 
structure. One of them is the Calogero KdV equation related to the KdV equation by the 
combination of differential substitutions, another is the Thrice-Modified Kaup-Boussinesq 
system which is related to the Kaup-Boussinesq system by a combination of differential 
substitutions. In Section V we establish a Lagrangian representation for an arbitrary evo- 
lutionary system with this nonlocal Hamiltonian structure. And we show that canonical 
coordinates presented in Section II determine potential functions in this Lagrangian rep- 
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resentation. Moreover, we show relationship between this Lagrangian representation (for 
evolutionary system with nonlocal Hamiltonian structure) and with Lagrangian repre- 
sentation for evolutionary system determined by local Hamiltonian structure. In Section 
VI we describe a very important example of the first four Hamiltonian structures of 
the Kaup-Boussinesq system. We demonstrate validity of infinite-dimensional analog of 
Darboux theorem for this Hamiltonian structures by straightforward calculations, where 
every Hamiltonian structure can be presented in their canonical form "d/dx". In all 
cases we present Lagrangian representations, describe relationships between all formulas, 
and present a new integrable evolutionary system connected with Thrice-Modified Kaup- 
Boussincsq system by reciprocal transformation, which has local Hamiltonian structure 
reduced from nonlocal Hamiltonian structure of aforementioned type. 

To this moment we know many integrable systems possessing this nonlocal Hamilto- 
nian structure. We mention here just some famous of them. These are Korteweg-de Vries 
equation, Kaup-Boussinesq system. Multi-component Long-Short Wave Resonance (see 
articles of Najima & Oikawa and Melnikov), Coupled KdV (see articles of Antonowicz 
& Fordy) and so on. Moreover, averaged integrable systems are hydrodynamic type sys- 
tems (see articles of Dubrovin & Novikov), which possess the same type of Hamiltonian 
structures. The modern level of development of Hamiltonian structures (see below) needs 
for introducing them into other areas of scientific creation like fields theory, theory of 
instability in fluid mechanics and ets. We hope that presented results can be interesting 
for specialists not working in theory of integrable systems or in differential geometry as 
well. 



2 Canonical Coordinates for the Metrics of Constant 
Curvature 



Theorem 1 The evolutionary system (1.1) (see (1.1 4)) 

ul = r a, - g-Ti.u': + evf,d;'vy\—, i = 1, 2...N (2.1) 

has 



1. Casimir Junctionals Ha = J c°'{u)dz, where a = 1,2...N (annihilators of the Pois- 
son bracket (I.I4)), which are determined by (see (2.1)) 

or by 

dikc'^-ridnc'^ + egikC^^O. (2.3) 

(the system (2.3) has (N + 1) solutions. Any N of them are functionally indepen- 
dent.) 
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2. The metric g"^ in Casimirs c"{u) (see (2.3)) is 

gap ^ -a/3 _ ^^a^P^ (2.4) 

where (f^ is nondegenerated symmetric constant matrix. The metric gap (see (2.4), 
where gapQ^^ = ^Zc) ^■^ 

S^^-S.p + e^-^^, (2.5) 

where gapg^'^ — ^Z- Christoffel symbols are F^^ = egp^c"'. 

3. The first N conservation laws (see (1.12) and (2.4)) are 

a = 1,2, ...TV (2.6) 

4- The conservation law of the momentum 

Py = d,[{l-Ep){e—-F)], (2.7) 

where the Momentum P — J p{c)dx is 

1 

e 

which is determined by (2.6) 



g"f^d,3P + £cy = c''. (2.9) 
5. The conservation law of the Energy is 

for hydrodynamic type systems (H = J h{c)dz) or in more general case (see (2.6)) 



M m~l 



hy = d.{yy{-l)'d',Adr\9'''^+ec-F) + Vp^I^ + 
y ^^^^^ ^ 9c°^ ^ Sct^ ' 2 5c" 2 ' 

m=l k=0 ^ 



where J h{c, c^, ...CM)dz and F = h-J2 (-l)"c^ E (-l)^^x" 



M M 

kf^k—n dh 

1 I. 9^' 

n=l k=n 



Remark I: If if = J h{c)dz, then evolutionary system (2.1) transforms into Hydro- 
dynamic type system Uy = w^(u)m^, where wl{u) ~ V'Vfe/i -l- sh5\ (see [4]). 

Remcirk II: If £ ^ 0, all formulas (2.1-10) transform into the "flat" case (1.6-11). 
Proof: can be obtained by straightforward calculation. 

Example: Hydrodynamic type systems possessing nonlocal Hamiltonian structure 
(2.1) associated with elliptic coordinates were described in [5], where all exact formulas 
(Casimirs, metrics, conservation law densities) were presented too. 
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Theorem 2 If evolutionary system (1.1) has (N+1 ) conservation law densities connected 
by constraint (2.8), then this system has nonlocal Hamiltonian structure associated with 
metric of constant curvature. 

Proof: We take evolutionary system (1.1) in divergent form Cy = 9^6" (c, c^, c^^, ...), 
then additional conservation law Py = 9^6(c) yields relationship 9^6(c) = g^^-^^h". It is 
valid if and only if g^pb^ = SS/6q°', where = c"/(l — ep) and S = J s(q, q^, q^^, ...)dz. 
It means that py = dz[q^j^ — R] and Cy = dz[g°'^j^], where d^R = j^Qz- Since 
^ = (1 — £p)[f§^ — ^Qap'^^]-! anyone can immediately obtain (2.6) and (2.7), where 
/i = (1 — ep)s. 

3 Reciprocal Transformation and nonlocal Hamilto- 
nian structures. 

In this Section we establish canonical reciprocal transformation between local Hamiltonian 
structure (1.7) and nonlocal Hamiltonian structure (2.6). 

The general reciprocal transformation between Hamiltonian structures (1.7) and (2.6) 
was constructed in [6] by E.Ferapontov in 1995 for Hydrodynamic type systems 

i^j = 4(u)^/^ and v}y^wi{n)u^,. (3.1) 

If the first system in (3.1) has local Hamiltonian structure (see (1.7-10)), then we can 
introduce the reciprocal transformation 

dy^ A{\x)dx + B{\i)dt, dz = C{u)dx + D{u)dt, (3.2) 

where 

A{u) = ah + i3p + -fX + C, B{n) = -g^''h^K + (3{a''K-h)+-iS^h^ + ri 

- - cy. - 

C(u) = ah + (3p + iX + C, D(u)^-g^''h^K + (3{a''K-h)+iJ''^h^ + fi, 

and a, /3, 7^,, C, rj, a, (3, 7^, C, fj are arbitrary constants. 

Theorem 3 ([6]) The Hydrodynamic type system (x,t) with local Hamiltonian structure 
(1.7) transforms into the Hydrodynamic type system (y,z) with nonlocal Hamiltonian 
structure (2.6) if 

g^'-f^-f, - 2ar] - 2/5C = e, (3.3) 

Q^'^lu.lu = Sdr) + 2^C, g'^^'l^lv ^ afi + arj + PC + PC 

By choosing special constants in (3.3) we present particular, but more simple and more 
clear 
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Theorem 4 The evolutionary system (x.t) with local Hamiltonian structure (1.7) trans- 
forms itself into the evolutionary system (y,z) with nonlocal Hamiltonian structure (2.6) 
by the reciprocal transformation 

dy = dt, dz^{l + ^p)dx + ^qdt, (3.4) 
where dtP = d^q and q = ci"j^ — F (see (1.11) and (1.12)). Then 

1. /i(c,c^,...) = /i(a,a^,...)/(l + Jp), 



2' 



3. = a7(l + |p), 

4 ad -«/3 (X 3 



u;/iere 9^; = (1 + ^p)dz, H — J h{c, c^, ...jdz anc? = |^cf 

Remark I: if £ — 0, then ah this formulas transform into local case (see Section I). 
E.V.Ferapontov have studied another particular case too 

1 dh 
dy — dt, dz — (p+ -)dx + ia'^-z h)dt. 

However, just in our case we describe one-parameter {e— parameter) family of metrics 
of constant curvature, where if £ = (3.4) is identical. In our case we present by above 
theorem recalculation for annihilators, momentum and Hamiltonian - all that was absent 
in earlier articles. 

Remcirk II: The conditions 2. and 3. yield relationship between (2.8) and (1.10). 
The inverse formulas are p = p/{l — |p), h = h/{l — |p), a" = c"/(l — |p). 

Proof: An arbitrary conservation law for the evolutionary system (1.7) can be pre- 
sented in its divergent form d^ — hdx -\- fdt. If we apply the reciprocal transformation 
(3.4) for all (A'"-|-2) conservation laws (1.7-9) and (1.11), then we at once obtain conditions 
of this theorem. 



4 Remarkable examples 

1. It is well-known fact (see for instance [7]) that the Calogero Korteweg-de Vries 
equation (CKdV) 



Uy = d,[u,, + —{l-ul)] (4.1) 
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has the nonlocal Hamiltonian structure (1-14) (see (2.1)) 



Uy = [u^dz + uuz — Uzd^ ^'"^]"^ (^'^^ 

where H = f ^^dz. However, here g^^ = 0. Thus, the CKdV equation has extraor- 
dinary momentum P = J 1 ■ dz and two Casimirs Qi = J udz and Q2 = f dz/u. Here we 
introduce other particular reciprocal transformation (see (3.2), (3.3) and (4.1)) 



3 

dt = dy, dx = udz + [u^z H (1 — ul)]dy. (4.3) 

2u 



Then inverse reciprocal transformation is 



uj 3x0^ 3 

dy = dt, dz = wdx + [-^ - tt^ - Tzw'^Ut. (4.4) 

2w^ 2 

where uw — 1 and dz — ud^, and the CKdV equation transforms into 

^ d^l"^ - ^ - -w'] (4.5) 
This equation (4.5) has local Hamiltonian structure 

= (4.6) 
where {H — J h{w,Wx)dx — J h{l/u, {l/u)z/u)udz — J h{u,Uz)dz) the Hamiltonian is 

_ 2 — 

H — /[^ + w^]dx, the Momentum is P = — dz/u — \j w^dx, the Casimir 
isQ = P = J 1 ■ dz = J wdx and other Casimir for the nonlocal Hamiltonian structure 
(4.2) transforms into trivial Casimir Qi = J udz = j 1 ■ dx. 

Here we introduce potential function z (see (1-13) and (4.4)), then the equation (4.5) 
has the Lagrangian representation 

S=^ [ [z^zt + ^ + zl]dxdt (4.7) 
z, J z^ 

where w — z^- We can apply the reciprocal transformation (4.4) for the 2-form 

^2 

^ = [zxZt + ^ + zl]dx A dt. 

Then this 2-form 



where e — Zt transforms into 



VL=[we^ f + w^]dx A dt, 



Q = - H ir^ludz A dy, 

u U'^ 
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where dx Adt = udz A dy and dx — wd^ (see (4.3) and (4.4)). Thus, this 2-form 

n=[-^ + ^^^^]dzAdy, 

where u — Xz and e = —Xy/xz (see (4.3)) yields the Lagrangian representation for the 
CKdV equation 

S-\j[-"fy-^]dzdy, (4.8) 

Thus, we have described a relationship between a Lagrangian representation for evolu- 
tionary equation with local Hamiltonian structure (4.6) and a Lagrangian representation 
for evolutionary equation with nonlocal Hamiltonian structure (4.2). This action (4.8) 
have been established in article [8] for the Krichever-Novikov equation. However, here 
we will give a generalization of this Lagrangian representation on A'^-component case for 
evolutionary systems with nonlocal Hamiltonian structure (2.6). 

2. The Thrice- Modified Kaup-Boussinesq system (see [9]) 

Cy = dz[-\h{M'')+e{cbz - hcz)], by = dz[-^^^+e{bbz+^Cz)] (4.9) 
{e is arbitrary constant, not curvature here!) has nonlocal Hamiltonian structure 

where the Hamiltonian is // = 2 J[b{l - 6^) - 2ebcz]dz/c and dzF = ^bz + ^Cz- 
This bracket is determined by the differential-geometric Poisson bracket with metric of 
constant curvature (1.14) 

{b{z)Xz')} = \[{b^-l)dz + bbz-bzd;%]5{z-z') (4.11) 
{b{z),c{z')} = ^[cbdz + cbz-bzd:'cz]5{z-z') 

{C{z),b{z')} = ^[bcdz + bCz-Czd;%]S{z-z') 

{c{z) , c{z')} = ^ [c^dz + CCz - Czd'^Cz] 6{z- z'). 

Since, just g^^ — —1 {g^^ — g^^ — g^^ — 0, e.g. det = 0) the system (4.13) 

has extraordinary momentum P = J 1 ■ dz (compare with (2.4-2.6) and (2.8)), but three 
Casimirs 
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These conservation law densities determine the constraint 

gig3 + gi = 1 (4.12) 

where = J Qadz, a = 1, 2, 3. The Poisson bracket (4.11) can be reduced into canonical 
form (1.7) by multi-parameter reciprocal transformation (3.2) (sec (3.3)). Here we can 
for instance use simplest particular reciprocal transformation 

dt^dy, dx ^ cdz + [--b{l + b^) + e{cbz - bcz)]dy (4.13) 
(see the first equation in (4. 9)). Then, the inverse reciprocal transformation is 

1 w'^ w 

dy = dt, dz = udx + -\w -\ — - — 2s—^]dt, (4.14) 

2 

where uc—1, b — wc and — cd^ or — ud^- And we at once obtain other integrable 
system 

I 1 w'^ 

Ut ^ -^Oa^yw + — - 2e—\, wt^-da;[?> u-2e—\, (4.15) 

which has local Hamiltonian structure 



Ut = -lOx—, Wt = -^o,^— (4.16) 
4 ou 4 ow 

with {H = J h{b,c,Cz)dz = J h{w/u,l/u, {l/u)z/u)udx = J h{u,w,Wx)dx) the Hamilto- 
nian H = 2 J[uw-^^^^^^]dx, also with Momentum P = 2gi = 2 / q^dz = 2 J {u^-w^)dx 

(see (4.12)), two Casimirs Q2 = Q2 = J bdz = J wdx, = P = J 1 ■ dz = J udx 
and other Casimir for the nonlocal Hamiltonians structure (4.10) transforms into trivial 
Casimir Q3 = J cdz = / 1 • dx. 

The evolutionary system (4.16) with the Poisson bracket 

{u (x) , u {x')} = -{w (x) , w {x')} = ^S'{x - x') (4.17) 
has the Lagrangian representation (see (1.13) and (4.14)) 

S^l f [zxzt - <P.<Pt - ^^^^^ ~ - z,^,]dxdt, (4.18) 
2 J 
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where w — (p^. We can apply the reciprocal transformation (4.14) for the 2-form 
^ = [zxZt - ^x^t - '^^^ — — - Zx^x]dx A dt. 



Then this 2-form 



Q.— \ue — wv uw]dx A dt, 

u 

where e = Zt and v = ip^, transforms itself into 

^ ,e bv ^ ,h. W' 6, , 

il=[ 2£(-)^ + ^ - -^]cdz A dy, 

c c c & & 

where dx A dt — cdz A dy (see (4.13)). Since d(fi — wdx + vdt — bdz + {v — be)dy, then 
this 2-form 

-j^ 2 3 

n = [ ^Xy - ip.ipy - 2£x,(^), + ^ - '^]dz A dy, 

where c = Xz, e = —Xy/xz, b = ip^ and v = — ip^Xy/xz (see (4.13)), yields the 
Lagrangian representation for the Thrice-Modified Kaup-Boussinesq system 

S^ll [^^xy + ^,^y - 2s^^, + (4.19) 

A J Xz Xz Xz 

Remark: The Kaup-Boussinesq system has nonlocal Hamiltonian structure with de- 
generated constant ^"'^matrix (see (2.4)) in coordinates {q2,Q3) (see (4.12)). However, this 
Poisson bracket (4.11) easily can be transformed into canonical form (2.6) with canonical 
metrics (2.4), if we change variable q2 ^ 1 — q. Then (4.12) at once yields a Momentum 
(see (2.8)) 



qm 



expressed in its canonical variables Casimirs qi and q^ (it is easy to see, that the Mo- 
mentum P = J qdz (where g = 1 — ^2) is a linear combination of two Casimirs Q3 and 
(52-)- Immediately we obtain (see (2.8)) all non-zero components of constant matrix g^p. 
9i2 — 921 — 1/2 and curvature s = 1. Thus, g^^ = g^^ = 2 and the Thrice- Modified 
Kaup-Boussinesq system (4.9) can be re-written in variables (r, c) (see (2.4) and (2.6)), 
where rc + b^ — 1 (see (4.12)) 



1 , r^Cz+{2-rc)r2 



], Cy^ --dz[{2-rc)Vl-rc + e^ — ]. 



^ 2 ^ Vl-rc ' \/l — " " 2 ""^^ ^ ' ' \/l — rc 
This system has nonlocal Hamiltonian structure (2.6) 
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where H = 2j VI - rc{r-2scjc)dz and d^F = ^r^^ + ^c^ (see (4.10)). Thus, the Pois- 
son bracket (4.11) determined by Lagrangian representation (4.19) for the evolutionary 
system (4.9) yields the canonical Poisson bracket (2.4) 

{r{z),r{z')} = ^[-r'^d^-rr^ + r^d~'^r^]5{z-z'), 

{r{z),c{z')} = ^[i2-rc)d,-cr, + r,d;'c,]Siz-z'), 

{c{z),r{z')} = ^[{2-rc)d^-rc^ + c^d~'^r^]S{z - z'), 

{c{z), c{z')} = ^[-c^d^ - cc^ + c^d'^c^] 8{z - z'). 

5 Lagrangian Representation 

Major result: 

Theorem 5 The evolutionary system (1-1) with nonlocal Hamiltonian structure ( see (2.1)) 
determined by differential-geometric Poisson bracket of the first order associated with met- 
rics of constant curvature (1-14) has the Lagrangian representation 



+ \9a.^>y - h{^z, X,,, ...)]dzdy (5.1) 

Proof: Prom variational derivatives SS/S(p°' — 0, SS/6x — and compatibility 
condition {xz)y — {xy)z , respectively, we obtain evolutionary system on (A'" + 2) equations 

v^+d,{pv'' - g'"'6H/6v'') = 0, Wy+d,{pw - 5H/5u) = 0, Uy+d,{pu) = 0, (5.2) 

where u = Xz, p = —Xy/xz, v"" = ip'^, H = J h{u, v, Uz, Vz, ...)dz and constraint 

l^2uw + g^.v'^vr (5.3) 

The system (5.2) is over-determined system. Thus, from the obvious condition dy{2uw + 
gav'^°"^^) — (see (5.3)) we obtain an explicit expression of the function p 

where dzF = g< + f (sec (1.12)). 

At first we introduce new variables (p, g, v) by 

u — l—p — q, 2w — 1 — p -\- q, q" — v", (5.5) 
then all partial derivatives are 

dh 1 — p dh dh dh gaul" 



du 1 — p — q dq^ dv°' dq°' 1 — p — q dq 



(5.6) 
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For simplicity and without loss of generality it is sufficient, if we will study just the 
hydrodynamic type case, where H = J h{u,v)dz. Then (see (5.4)) 



dh dh 
and system (5.2) transforms itself into 



dh 



1 — p — q dq 



% ^W^g^^ dq- "^'^^ dq^ ^ ^^Sg^^ dq- '^'^^ 

This system has the momentum (see (5.3) and (5.5)) 

p = 1 - Vl + g2 - 



(thus, curvature £ = 1, see (2.8)) and conservation law of momentum is 



(5.7) 



(5.8) 



(5.9) 



(5.10) 



Here we introduce new variables c° — q, c°- — g", a = 1, 2...A'". Then the system (5.8) 
is exactly the system (2.6) with constant matrices 



-COJ 

9 



0- u 
9 



-I 

-av I ) 9av 



-1 
9a. 



Remcirk: If we introduce the reciprocal transformation (see (5.2)) 

dt = dy, dx = udz — pudy 
we can apply (5.12) for 2-form (see (5.1) and Section IV) 

^ = [-p^l^^ + -g^^v'^e' - hiu, V, u„ v„ ...)]dz A dy, 
where e" = (py. Then this 2-form (where dx f\dt = udz A dy, see (5.12)) 

VL = 



zt 7y ^ T^gay^xK^t^x - ^x^t) " z^h\dx A dt, 

^Zx ^^x 



(5.11) 



(5.12) 



where z^ — ^ju, Zt — p, v'^ — (f^/zx, e" = — Zt(p^/zx, determines the action (see 
(1.13)) 



S ^ I [~ZxZt + ^g^^ip'^ip'^ - h{zx, iPx, Zxx, (fxx, ■■■)]dxdt 



(5.12) 



for the evolutionary system (1.1) with local Hamiltonian structure (1.7) and constant 
metrics (5.11), where (see (1.7)) a" = Zx, a" = ip^ {a = 1,2...N) and h = aPh {H — 
J hdz — J hdx — J aPhdx). 
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6 Kaup-Boussinesq system and its nonlocal Hamil- 
tonian structure 

Many different integrable systems have different local and nonlocal Hamiltonian struc- 
tures. For example the Korteweg-de Vries equation has two local Hamiltonian structures 
and all others are nonlocal. The Kaup-Boussinesq system (see for instance [9]) 

^2/ = ^^[^^^ + ^ + ^'^'^zz], (6.1) 

has the three local Hamiltonian structures determined by following Poisson brackets 

{v,ri}^ = {r],v}^ = 5'{z-z'), (6.2) 

{v,v]2 = 5'{z-z'), {v,ni]2^]^{vd^^Vz)8{z- z'), (6.3) 
{t], v]2 = ^v6'{z - /), {r], r]}2 = e^S"'{z - z') + {r]d, + ]^r]^)5{z - z'), 

{v,v}^ = {vd,+ '^v,)5{z-z'), (6.4) 
{z;,77}3 = eH"'{z - z') + \[{v^ + Ari)d, + {v^ + 2ri),]5{z- z'), 
= e^8"\z-z') + \[{v^ + Ar,)d, + 2r,:^5{z-z'), 

{v. rih = -[2vc^,+?>v,dl+?,v,,d,+v,,,\5{z - z')+[vr]d,+-{viri),]5{z - z') 
and nonlocal Hamiltonian structures, where the first of them is 

{v,v}^ = £V"(z-z')+^[(3i;2 + 4?7)9,+^(3i;2 + 4?7),-i;,9;V]<^(-2-^'), 

{^^ v]a = i^i^v&l + Av.dl + 2,v,,d, + v,,,]5{z - z') + -[{Qvri + -v'')d, + 
3 

+(2^^^^ + ^^^^ + 3^^^) - '^zd~'^r]^]5{z - z'), (6.5) 

£2 II 

= y[3z;a3 + 5z;^a2 + 4z;^A + ^^.J(^(-2--2') + 4[(6^^^+2^')^.+ 
-F(2r?v^ + 3vr]^) - ri^d~^v^]S{z - z'), 

{V,vh = eH''iz-z') + '-^[i8v + 3v')dl + ^i8r^ + 3v'),d',+ 

[(877 + Sv''),, + Svv,,]d, + [{2r) + v^),, + vv,, - ^v%]5{z - z') + 

^[{irj^ + 3v^rj)d, + ^{W + ^v'v)z - Vz^^^vM^ - z'). 
The first Miura transformation 

r]^{v'^ -a^)/A-ea, (6.6) 
15 



connects the Kaup-Boussinesq system (6.1) and the Modified Kaup-Boussinesq system 

1 1 
ay = dzi^va- sv^], Vy = d^[-{3v^ - a^) - sa^], (6.7) 

which has two local Hamiltonian structures determined by the Poisson brackets 



{a, a}i = —S'{z — z'), {v,v}i = 6' {z — z'), (6.8) 

{a,a}2 = 0, {a,v}2 = -e6"{z-z') + l{ad, + a,)S{z-z'), (6.9) 

1 1 

{v, a\i = e^'\z - z') + -a5'{z - z'), {v, v}2 = {vd^ + -Vz)5{z - z') 

and nonlocal Hamiltonian structures, where the first of them is 

{a, ^ -e'^8"\z - z') + ^[a^d^ + aa^ - a^d-^a^]8{z - z'), (6.10) 

{i;,a}3 = e{vd^ + ]^Vz)5'{z- z') + ^[2avdz + aVz-Vzd^'^az]5{z- z'), 

{vM^ = £V"(^-^')+^[(3^^'+4^)9.+^(3^^'+4^).-^^A~'^.]'^(^-^')■ 
The second Miura transformation 

V ^ ah + 2eh^ (6.11) 

connects the Modified Kaup-Boussinesq system (6.7) and the Twice-Modified Kaup- 
Boussinesq system 

by = \d,[a{h'^ - 1) + 2ehh,l ay = \d,[a% - 2eba, - 4e\,], (6.12) 
which has one local Hamiltonian structure determined by the Poisson bracket 

{b,ah^^5'iz-z'), {a,b},^^5'iz-z') (6.13) 
and nonlocal Hamiltonian structures, where the first of them is 

{b,bh = \[{b'-l)d, + bb,-b,d:%]S{z-z'), (6.14) 

e 1 
{b,a}2 = -{bd^ + b^)6'{z - z') + -[abd^ + ab^ -b^d~^a^]S{z - z'), 

{a, b}2 = -^{bdz + bz)S'{z - z') + ^[abd^ + ba^ - azd~^bz]S{z - z'), 

{a,a}2 = -e'^5"'{z - z') + ^[a'^dz + aaz - azd~^az\5{z - z'), 
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The third Miura transformation (see for comparison (4.12)) 

ac + y^ + 2ec^^ 1 (6.15) 

connects the Twice-Modified Kaup-Boussinesq system (6.12) and the Thrice-Modified 
Kaup-Boussinesq system (4.9) which has just nonlocal Hamiltonian structures, where the 
first of them is determined by the Poisson bracket (4.11). 

Thus, the second local Hamiltonian structure (see (6.3)) of the Kaup-Boussinesq 
system (6.1) is the first local Hamiltonian structure (see (6.8)) of the Modified Kaup- 
Boussinesq system (6.7). The third local Hamiltonian structure (see (6.4)) of Kaup- 
Boussinesq system (6.1) is the second local Hamiltonian structure (see (6.9)) of the 
Modified Kaup-Boussinesq system (6.7), which is the first local Hamiltonian structure 
(see (6.13)) of the Twice-Modified Kaup-Boussinesq system (6.12). Moreover, the Kaup- 
Boussinesq system (6.1) has fourth nonlocal Hamiltonian structure (see (6.5)), which is 
the third nonlocal Hamiltonian structure (see (6.10)) of the Modified Kaup-Boussinesq 
system (6.7), also which is the second nonlocal Hamiltonian structure (see (6.14)) of 
the Twice-Modified Kaup-Boussinesq system (6.12), as well which is the first nonlocal 
Hamiltonian structure (4.10) (see (4.11)) of the Thrice-Modified Kaup-Boussinesq system 
(4.9) (sec [9]). Thus, the Kaup-Boussinesq system (6.1) has four different Lagrangian 
representations 

•^i = /[^(^i^Vf + ^i'M'))-/^4(^i^\^l'\C^)]ci^%, (6.15) 



So = 



-l^fV^^ + li^fV^^-hs{^f\^f\^mdzdy, (6.16) 

^3 = l[l{€¥^^ + €^i^?)-h2{i^f\€\€J)]dzdy, (6.17) 
r 1 _ 7/, (4) 2 1 

^4 = j[^^^^^^+^€v:^-h{^^^:\^^f\^^mdzdy, (6.18) 

where 77 = ip^^^ , v = ipf^ , a = , b — , c = and Hk — J hk dz. Moreover, we 
have very interesting hierarchy: 



1. The first Hamiltonian structure (see (6.2)) of the Kaup-Boussinesq system (6.1) has 
the Hamiltonian H4 = ^ f [—e'^vl + v'^rj + rf] dz, the momentum H^ — j vrjdz and 
two fiat coordinates (Casimirs) H2 = 2 J rjdz, Hi — 2 J vdz. 

2. The first Hamiltonian structure (see (6.8)) of the Modified Kaup-Boussinesq system 
(6.7) has the Hamiltonian = f vrjdz = \ jlviv"^ — a^) — Aeva-^dz, the momentum 
H2 — 2 J Tjdz = ^ J[v^ — a^]dz and two fiat coordinates Hi = 2 J vdz, H_i = J adz. 

3. The first Hamiltonian structure (see (6.13)) of the Twice-Modified Kaup-Boussinesq 
system (6.12) has the Hamiltonian = | Jlv"^ -a^]dz = J[-^a^{l -b"^) + 2eabbz + 
2e'^b1]dz, the momentum 

Hi = 2 J vdz — 2 J abdz and two fiat coordinates — J adz, i?_2 = / bdz. 
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4. The first Hamiltonian structure (4.10) of the Thrice- Modified Kaup-Boussinesq sys- 
tem (4.9) has the Hamiltonian Hi = 2 J abdz — 2 J[b{l — &^) — 2ebcz]dz/c, the 
momentum Hq = J 1-dz and two "geodesic" coordinates H_2 = J bdz, = J cdz. 

The generalization of the Darboux theorem on infinite-dimensional case signifies 
that every (local or nonlocal) Hamiltonian structure of integrable system can be 
reduced into canonical form "d/dx". For instance, it means that every Hamiltonian 
structure of the Kaup-Boussinesq system possesses a Lagrangian representation (see 
(6.15-18)). 

Thus, here we present canonical representation for the first four Hamiltonian structures 
of the Kaup-Boussinesq system (6.1) (see above) 

- ^^^^ ^^ = ^^17' 
ay - a, Vy- a, , 

l^5Hi 1 6H1 

^* = 4^^7^' ^* = -4^^-^' 

which are determined by the Poisson brackets (6.2), (6.8), (6.13) and (4.16), respectively. 
Conclusion. 

In this article we established the Lagrangian representation for an evolutionary sys- 
tem, where a nonlocal Hamiltonian structure is determined by the differential-geometric 
Poisson bracket of the first order with metric of constant curvature. Also, we presented 
canonical coordinates for the first four Hamiltonian structures of the Kaup-Boussinesq sys- 
tem, where every of them is in canonical form "d/dx" with a Lagrangian representation. 
In theory of Hamiltonian structures for dispersive systems just two differential-geometric 
Poisson brackets of first order allow special coordinates (annihilators), where they arc the 
exactly the same as for hydrodynamic type systems. It means that: if anyone start from 
Poisson bracket 

{u%x),u''{x')} = K^af + afd^-' + ... + a^^]5{x - x'), (c.l) 

where all functions (af^) are functions with respect to field variables it' and their deriva- 
tives, then in some cases by special differential substitutions this expression may be trans- 
form into canonical (see (1.7) and above first three local Hamiltonian structures for Kaup- 
Boussinesq system, first two local Hamiltonian structures for Modified Kaup-Boussinesq 
system, first local Hamiltonian structure for Twice-Modified Kaup-Boussinesq system) 

{a"(x), a^{x')} - g^'^S'ix - x'). (c.la) 

It means that Poisson bracket determine Hamiltonian structure for dispersive system 
reducible to canonical form "d/dx". If anyone start from Poisson bracket 

{u'(x),u'(x')} = [ai'd!^ + afd^-' + ... + + euld^'ul (c.2) 
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where all functions (a**^) are functions with respect to field variables and their deriva- 
tives, then in some cases by special differential substitutions this expression may be 
transform into canonical Poisson bracket associated with metric of constant curvature 
(see (1.14), fourth Hamiltonian structure for Kaup-Boussinesq system, third Hamiltonian 
structure for Modified Kaup-Boussinesq system, second Hamiltonian structure for the 
Twice-Modified Kaup-Boussinesq system and first Hamiltonian structure for the Thrice- 
Modified Kaup-Boussinesq system) 

{e{x\ cP{x')} = [{g'^^ - eec^)d^ - ec^cl + £c^9-^cf]5(x - x'). (c.2a) 

If anyone start from Poisson bracket 

{u\x),u\x')} = [4d^ + af a^-^ + ... + a% + Sapw^^'^d-^w^'^ 

where all functions {a^-^, w"'*) are functions with respect to field variables it' and their 
derivatives, then not exist any differential substitutions possessing reduction to 
differential-geometric nonlocal Poisson bracket of the first order (see [10]). Thus, 
two Poisson brackets of arbitrary order (see (c.l and c.2) may be reduced into differential 
geometric Poisson brackets of the first order arising in theory of hydrodynamic type 
systems (see [2], [4] and [10]). In next article, we will describe the infinite-dimensional 
analogue of Darboux theorem for all other nonlocal Hamiltonian structures for the Kaup- 
Boussinesq system and we will construct their Lagrangian representations. In this case we 
shall describe all types of nonlocal Hamiltonian structures where corresponding symplcctic 
structures arc local. Theory of more complicated nonlocal Hamiltonian structures were 
established in [10] and [11]. Our statement is that every nonlocal Hamiltonian structure 
determined by the differential-geometric Poisson bracket of the first order (see [10]) has a 
Lagrangian representation. It means that every integrable system like Kaup-Boussinesq 
system has an infinite set of Lagrangian representations (see for instance [12]). 
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